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Abstract
We define Henstock-Kurzweil-Stieltjes-0-double integral for [,-valued functions on time scales. Furthermore,
some of the basic properties of this integral with values ranging in an [,,-space for 0 < p < 1 are proved and
discussed. Our first theorem guarantees the uniqueness of Henstock-Kurzweil-Stieltjes-0-double integral of an
l,-valued functions. The Henstock-Kurzweil-Stieltjes-0-double integrals generalizes the Henstock integral for
l,-valued functions in literature.
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1. Introduction

Henstock [3] in a note published in 1963 introduced an integral for real-valed function. This integral
is usually referred to as Hentock integral, and seems to be easily handled than that of Riemann and
Lebesgue. In the last decades or more, Henstock integral has been well studied by many of the
researchers investigating certain single real-valued functions on time scales. The following
references are recommended for further study of Henstock integral for single real-valued functions
and other important properties [2,3,5]. The theory of time scales and its wide applications to so many
branches of Mathematics was introduced by Stephen Hilger [4]. In 2006, Peterson and Thompson [7]
introduced Henstock delta integral on time scales and gave some of its basic properties. In 2008,
Thompson [8] used covering arguments to study Henstock-Kurzweil integrals for single real valued-
functions on time scale. Cao [2] considered Henstock integral for Banach-valued functions.

In a recent paper, the authors [1] gave a time scale fuzzy Henstock-Kurzweil Stieltjes integral
involving two functions. Furthermore, in the same paper [1], the authors gave some basic properties
of fuzzy Henstock-Kurzweil-Stieltjes-¢-double integral on time scale and also proved the uniform,
monotone and dominated convergence theorems for fuzzy Henstock-Kurzweil-Stieltjes-¢-double
integral on time scale. The aim of this paper is to introduce the l,-valued functions for Henstock-
Kurzweil-Stieltjes-0-double integral on time scales and obtain some basic properties of [,-valued
functions for Henstock-Kurzweil-Stieltjes-0-double integral.

2. Preliminaries

Let X be an underlying space, F denotes the o-algebra of measurable sets, u the measure, and (X, F, 1)
denotes a o-finite measure space. If 1 < p < o 11is the space [,,(X, F, u) consists of all complex-valued
measurable functions on X satisfying

J I f O IPdu(x) < oo.
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We simply write [, when the underlying measure space has been specified. If f € [,,, the [, norm of
f is defined by

IfIL, = (J If COIPdu))? .

The case where p = 1, then the space [; (X, F, u) consists of all integrable functions on X, also the case
p = 2is a Hilbert space. The spaces [, are examples of normed linear spaces. The basic property of
satisfied by the norm is the triangle inequality. In most applications of [, spaces, the range of p which
is often of interest is 1 < p < co. When 0 < p < 1, the function ||. || L does not satisfy the triangle
inequality and for such p, the space [, has no non-trivial bounded linear functional. When p = 1, the
norm ||. ||, satisfies the triangle inequality, and [; is a complete normed linear space.

The following are examples of [, spaces:

(i). Let X = R? and u a Lebesgue measure. Then,

1
1Fllp = (f galFGOPd))?P .

(ii). Let X = Z, and p a counting measure. Then,

Ifl, = ( i |an|p>p,

n=-—oo

which is the discrete version of the [, space.

Now, we discuss the following concepts in T; X T,. Let a,b € Ty,c,d € T,, where a < d,c < d, and
R =[a,b)y, X [c,d), ={(t,s):t € [a,b),s € [c,d),t € T;,s €T,}. Let g;,9,:T;XT, >R be
monotone increasing functions on [a, b]r, and [c, d]r,, and F: T; X T, - R a bounded function on R.
Let P, and P, be partitions of [a, b]y, and [c,d]r, such that P; = {to, ty,...,t,} € [a,b]r, and P, =
{S0:S1,-+, 8} € [c,d]r,. Let {£, &5, ..., &y} represent an arbitrary chosen points from [a, b]y, with §; €
[ti-t, t)T,, i =1,2,...,n. Also, let {{;,{,,..., {,} represent an arbitrary chosen points from [c, d]r, with
§j € [Sj—1,S)1,,J = 12,..., k, see [6].

Definition 2.1. A pair § = (8, 6g) of real-valued functions defined on [a, b]y, X [c, d]r, is said to be a A-
gauge for [a, by, X [c,d]r, if

6,(t,s) >0 on (a,b]r, X (cd]r,

Or(t,s) >0 on [a,b)y, X [c,d)y,

6.(a) =0, 6g(b) =0 6,(c) 20 6z(d) =0

Or(t,s) = a(t,s) — (t,s) forall t € [a,b)r,,s € [c,d)r,.

A pair y = (y,,yr) of real-valued functions defined on [a, b]y, X [c,d]r, is said to be a V-gauge for
[a,b]r, X [c,d]r, if

Y.(t,s) >0 on (a,b]y, X (cd]r,
Yr(t,8) >0 on [a,b)r, X [c,d)r,

vL(a) =0, yr(b) =0, y.(c) =0, yp(d) =0
Yr(t,s) = (t,s) — p(t,s) forall t € (a,b]r,,s € (¢, d]r,.

Given a A-gauge 6 and a V-gauge y, the partitions P; = {to,ty,...,t,} € [a, b]y, with tag points ¢; €
[ti—1, ti]T, and P, = {s¢, S1,..., 5k} € [c, d]y, with tag points {; € [sj_y,Sj]r,, j = 1,2,..., k, is said to be:

* &-fineif g(§;, ;) — 6, < g(ti—1,5j-1) < g(ti,55) < g((§i,§j) + 6r(&:,¢j)) and
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o y-fineif g(§;, ;) — v < g(tim1, s5j-1) < gt sj) < g((§i, §j) +vr(§i, §5))-
Now, we present newly the following definitions.

Definition 2.2. [1] Let F:[a, b)t, X [c,d), — L, be an L,-valued function on R and let g be a monotone
increasing function defined on [a,b)t, X [c,d)t, with partitions Py = {to,ty,...,ta} C [a,b]y, with tag
points & € [ti_q, ti]y, for i=12,...,n and P, ={s¢,S1,...,S¢} € [¢,d]y, with tag points {; €
[Sj-1,SjlT, for j=12,...,k. Then

S(Py, Py, F, 91, 92) = Xi=q 5?:1 F(&:,4)(91(t) — g1(ti—1))(g2(sj) — g2(sj-1))

is defined as [,-valued Henstock-Kurweil-Stieltjes-o-double sum of F with respect to functions g,
and g,.

Let P =P, X P, and 0 g4, 0 92; = (91(t:) — 91(ti=1))(g2(sj) — g2(sj-1)), then the Henstock-Kurweil-
Stieltjes-0-double sum of F with respect to functions g, and g, is denoted by S(P, F, g) is written as

S(P'F'g1'92)= ?=1 §=1 F(gii(j)OgliOngt (i=1'---:n; ]=1!!k)

Definition 2.3. [1] Let F:[a, b)r, X [c,d)t, = L, be an l,-valued function on R = [a, b)y, X [c,d)t,. We
say that F is ly,-valued Henstock-Kurzweil-Stieltjes-0-integrable with respect to monotone increasing
functions g,: [a, b)y, — Rand g,: [c,d)r, — R if there exists I € L, such that for every € > 0, there are 0-
gauges §; and &, (ory, and vy, ) for [a, b)y, and [c, d)r, respectively such that

IS(P,F,g)— 1 ll,<e

provided that P; = {to, t,..., t,} € [a, b]y, with tag points &; € [t;_q, t;]y, for i =1,...,nis a §;-fine
(or y;) and P, = {sg, Sy,...,Sx} € [¢, d]r, with tag points {; € [sj_y,Sj]t,, j = 1,2,...,k is a §,-fine (or
¥,) are §-fine (or y) partitions of [a, b)y, and [c, d)r, respectively.

We say that I is the [,-valued Henstock-Kurzweil-Stieltjes-0-double integral of F with respect to g,
and g, defined on [a, b)y, X [¢,d),, and write

J L F(t,9) 0 g1(8) 0 g2(s) = 1.
3. Main Results

Our first theorem guarantees the uniqueness of Henstock-Kurzweil-Stieltjes-0-double integral of an
l,-valued function, if it exists.

Theorem 3.1. If F: (a, b]y, X (¢,d]r, = L, is Henstock-Kurzweil-Stieltjes-o-double integrable with respect
to monotone increasing functions g, g, on (a, bly, X (¢, d]r,, then the Henstock-Kurzweil-Stieltjes-0-double
integral of F is unique.

Proof. Suppose that I; and I, are both Henstock-Kurzweil-Stieltjes-9-double integrals of F on
[a, b)T, X [c,d)r,. With the assumption that /; and I, are not unique, then F is said to be Henstock-
Kurzweil-Stieltjes-0-double integrable on (a,b]r, X (¢,d]r, if it satisfies the following point wise
integrability criterion: for every & > 0 there are ¢-gauges §; and &, (or y; and y,) defined on (a, b]t,
and (¢, d]r, respectively, such that for every & > 0, there are { -gauges 8 and &; (or y{ and y;) for
[a, b)r, and 67 and 63 (or y{ and y3) for [c,d)y, such that

I S(PLF,g)—1, |Ip<§and Il S(P?,F,g) — I lI,< gfor all pairs P = P! x P} and P? = P x P of §;-

fine (or y,)

and for every ¢ > 0 and i € {1,2}, there are ¢-gauges &} and &} (or y{ and y}) for [a, b)r, and [c, d)r,
respectively such that
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i €
ISCPYF,g) — I <5

provided that P = P} X P} is a pair of §!-fine (or y{) and 8i-fine (or y%) partitions of [a, b)y, and
[c, d)r, respectively.

Let 8; = min{d{, 6f} i.e. (61), = min{(61),, (67),} and (8,)r = min{(81)r, (61)x} and

8, = min{63, 6%} i.e. (6;), = min{(63),, (62).} and (8,)x = min{(63)x, (62)r}, 6, and &, are ¢-gauges
for (a, b]r, and (c, d]r, respectively, and given a pair P = P; X P, of §;-fine and §,-fine partitions of

[a, b)r, and [c, d)r,, P, is a §1-fine and &7-fine partition of (a, b]y,, P, is a §;-fine and §3-fine partition

11
of [¢c,d)r,, and let € = 1172 hence

2D

Il =1, l,= (I (I, = S(P,F,9) + S(P,F,g) — I,) Il,)
1

<2°(I S(P,F,g) — L I, +I S(P,F,g) — I Il,))
1 1
Lo 1

< ZP(E-I—E) = 2r¢

which is a contradiction. Since for all € > 0, there are ¢-gauges §; and §, (or y; and y,), then it follows
that I, = I,. Hence, the Henstock-Kurzweil-Stieltjes-0-double integral of F on [a,b)r, X [c,d)r, is
unique.

Theorem 3.2. (Bolzano Cauchy Criterion).

A function F is Henstock-Kurzweil-Stieltjes-0-double integrable on (a,b]r, X (¢,d]y, with respect to
monotone increasing functions g, and g, if and only if for each € > 0 there exists -gauges &, and &, (or y;
and y,) for [a, b)y, and [c,d)y, respectively, such that | S(P*,F, g) — S(P*,F, 9),F, g) Il,< € for all pairs
P! =P} x P} and P* = P} X P} of &, (or yy)-fine partitions of [a,b)y, and 8, (or y,)-fine partitions of
[c, D, .

Proof. Suppose F is Henstock-Kurzweil-Stieltjes-0-double integrable on (a, b]y, X (¢,d]y, with
respect to g; and g, , and let

I=[ [, F(t,s) 0 g1(t) 0 g>(s).

Let € > 0. There are ¢-gauges §; and &, for [a, b)y, and [c, d)t, respectively such that || S(P,F, g) —
I,< g provided that P = P; X P, where P, is a §; (or y,) fine partition of [a, b)y, and P, is a §; (or
¥2) fine partition of [c,d),. Therefore, if P = P, X P, and P = P X P, are pairs of §; (or y;) fine
partition of [a, b)y, and P, is a &, (or y,) fine partition of [c, d)r,, then

I S(P,F,g) — S(P',F,g) Il,<I S(P,F,g) = I ll, +Il I = S(P',F, ) ll,

Conversely, suppose that for all £ > 0 there are ¢-gauges §; and &, (or y; and ;) for [a, b)y, and
[c,d)y, respectively such that I S(P', F, g) — S(P%F, g) ll,< ¢ for all pairs P! = P} x P} and P? =
P? x P of 8, (or y;)-fine partitions of [a, b)y, and &, (or y,)-fine partitions of [c,d)r,.

Let n € N. Taking ¢ = %, there are ¢-gauges 6, and &, (or y;, and ¥,,) for [a,b)r, and [c,d)T,
respectively such that | S(P',F, g) — S(P%,F, g) ll,< ¢ for all pairs P! = P} X P} and P? = P{ x P§ of
81 (Or y1,n)-fine partitions of [a, b)y, and &, ,, (or ¥, ,)-fine partitions of [c, d)r, .

By replacing §;, by min{d;4,6;,,...,6;,} with i € {1,2}, we may assume that §;,,1 < §;,. Thus, for
all j >n §;; < §;, so any pair P" = P[' X P! of §;, (or y;,)-fine partitions of [a,b)y, and §,, (or
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Y2,n)-fine partitions of [c, d)r, is also a pair of §; ; (or y, ;)-fine partitions of [a, b)t, and &, ; (o1 ¥,,j)-
fine partitions of [c, d)r,, hence

I S(P™, F,g) — S(P/,F, g) ll,< f
This shows that {S(P", F, g)}nen is a Cauchy sequence.

Let I be the limit of {S(P", F, g)}nen. For all € > 0, choosing N > %, for ¢-gauges 6, y and &, y (Or Y1y
and y, y) for [a, b)y, and [c, d), respectively. Then there exists N; such that for all n = Ny, we have

I S(P™,F,g) — I ll,< -
2P
p+1
If there exists N, such that % < N, let Ny = max{N,, N,} and n = N,. Let §(s,t) = 6y, and P be a §-
fine tagged partition of [a, b), X [c,d)r,. Hence,

€
pFi
14

I S(P,F,g) = S(P",F, ) ll,< > <

<4t<lc
n No

1
N
Z 2

Thus,

I S(P,F,g) —I1,<Il S(P,F,g) — S(P"+,F,g) + S(P",F,g) — I II,

1
<27(l S(P,F,g) — S(P",F,g) I, +I S(PY,F,g) — 1 Il,,)
<lifoon(—fpty)=
»T32 TP TE
2P 2P

for pair P = P; X P, such that P; isa &, y (or y; y) fine partition of [a, b)y, and P, is a 8,y (or ¥, y) fine
partition of [c, d)r, .

Theorem 3.3. Let F:[a,b]r, X [c,d]y, = I, be a continuous function and g = g, X g, is of bounded
vaiation, then F is Henstock-Kurzweil-Stieltjes-0-double integrable with respect to g, and g, on
[a, b)y, X [c, dr,.

Proof. Let £ > 0 and g is of bounded variation, there is a positive constant K > 0 such that
=1 ?:1 [(g1(t) — 91(ti=1))(G2(5)) — 92(5j- DI = K

for any partition P of [a,b)r, X [c,d)r,. Since F is continuous on [a, b]r, X [c,d]r,; then, there is a
A > 0 such that if |(s, t) — (so,to)| < Afor s, t € [a,b]r, X [c,d]r,, thus

Il F(s,t) — F(Sg, to) l,< ‘:'Ll'
K2 P

Define §(t,s) > 0 on [a, b]y, X [c,d]y, by §(s,t) = % for all s,t € [a,b]r, X [c,d]r, and let P; is a &,
(or yy) fine partition of [a, b]y, and P, is a §, (or ¥,) fine partition of [c, d]r,. Therefore, if P = P; X P,
and P = P| X P, are pairs of §; (or y;) fine partition of [a, b]y, and P, is a &, (or ¥,) fine partition of
[c, d]T,. We have to establish that

I S(Py, F,g) — S(Po, F, g) I,< e.

Without loss of generality, and that P; is a refinement of P,. Thus, we establish the following cases:
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(i). Consider the case where the tagged partitions Py, P, and P;, P, are different in their tags. That is,
we have P, = {to, ty,...,t,} € [a, b]y, with tag points §; € [t;_y, t;]7, for i =1,...,nisa §;-fine (or y,)
and P, = {sg, Sy,...,S¢} € [¢,d]r, with tag points {; € [s;_4,5j]r,, j = 1,2,...,k is a §,-fine (or y,) are
5-fine (or y) partitions of [a,b)y, and [c,d)y, respectively and also, P;, P, with the tags ¢/ €
[ti—1, ti]r, for i=1,...,nand {; € [s;_y,Sj]r,, j = 1,2,...,k where (§;,{;) # (§/,{}) for each i,].

Let 0 g4, 0 92; = (91(t)) — 91(ti—1))(g2(sj) — g2(sj-1)). Hence,

I S(P, F, 91, 92) — S(P2, F, 9) =1l Xiy ?:1 F($i,G5) 0 g4, 0 92; — =1 5"{:1 F(&, (j") 091, 0
ng ”p

p+1

<27 3%, 27=1 I F(&,¢5) 0 9y, 092]- - F(fi’:(]") 0 94, <>92,- l,

pt1 . e
<27P ¥y Y= [| 091, 092j|( p_ﬂ)]
K2 P
<(E)w =«

(ii). Suppose that P, is a refinement of P; by adding one point, say s; for s;_; <sj <s; with P, =
{(s/,[Sj-1, Sl = 1.2,...,k} € [c,d]y, with tag points {} € [s;_q,Sj]r,, j = 1,2,...,k is a 6,-fine (or
¥,) are §-fine (or y) partitions of [a, b)y, and [c,d)r,

Hence | S(P,, F, g1,92) — S(P1, F, 91, 92) Il
=N F(§i—1, §j—)[(91(t) — 91(ti—1))(g2(5)) — g2(5j-1))]

+F (&1, {191 (8) = 91(6i-10)(92(5)) = 92(5j-1 )] = F (€1, {191 (8:) — 91(£i-1))(92(s)) —
92(s;-1 )1 llp

=N [(g1(t) = 91 (=101 (92(5}) = G2(Sj-a DT M F(§i-1,Gj-1) = F(§, {p) N

£
<K<E>SE.
K2 P

This completes the proof.

We present the following algebraic properties of the 1,-valued Henstock-Kurzweil-Stieltjes-0-double
integral on time scales.

Theorem 3.4. Let F,H:[a,b)y, X [c,d)r, = L, be an Ly-valued function with g, and g, be monotone
increasing functions respectively on [a,bly, and [c,d]y,. If F is Henstock-Kurzweil-Stieltjes-0-double
integrable with respect to g, and g, on R = [a,b)y, X [c,d)r,. Then,

i f fR AF(t,5) 0 g1() 0 go(s) =4[ fye F(t,s) ¢ g.(t) 0 g,(s), A isaconstant;

i fgg (F(t,s) + H(t,$)) 0 g1 (t) 0 g2(s) = [ fR F(t,5) 0 g1(t) 0 g2(s) + [ fR H(t,s) 0
91(t) 0 g2(5).

Proof. (i) Let F be Henstock-Kurzweil-Stieltjes-o-double integrable with respect to monotone
increasing functions g; and g, on [a, b)y, X [c,d),. Let A be a constant. The case 4 = 0 is trivial.
Suppose 4 # 0. Since F Henstock-Kurzweil-Stieltjes-¢-double integrable, there is a function §(t,s) >
0 on [a, b)t, X [c,d)r, such that

I S(P,F, g1,92) = f f F(£:5) 0 9:() 0 92(5) Ip<
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whenever P is a §-fine tagged partition of [a, b), X [¢,d)T,. Then,

I S(P,AF, g1,92) = A[ [ F(t,5) 0 g1(t) 0 go(s) Ip,=ll AS(P,F, g1, 95) = A [ [, F(t,5) 0 g1 (£) 0
92(5) ”p

€ —
<A (W) =
(ii) Let £ > 0.
Suppose [ [, F(t,5) 0 g1(t) 0 g2(s) = I and [ [, H(t,s) ¢ g1(t) ¢ g(s) = I,. There exists a positive
function &; on [a,b)r, X[c,d)y, when P; ={tyty,...,t,} € [a,bly, with tag points ¢; €

[ti—1, ti]r, for i =1,...,n and a §;-fine (or y;) such that

I S(Py, F,g1,92) — I 11,< =

z(ﬁ)

Also, there is a function §, > 0 when P, = {s¢, s,..., 5} € [c, d]r, with tag points {; € [s;_1, Sj]r,, J =
1,2,...,k is a §,-fine (or y,) such that

I S(Py, F, 91, 92) — Iy < —r
2(21’)

Define a function §(t,s) > 0 on [a,b)y, X [¢,d), by §(t,s) = min{§,,§,} for all (¢,5) € [a,b)y, X
[c,d)r,. Let P be a §-fine tagged partition of [a, b)t, X [c,d)r,. Then

I'SCP,F +H,9g1,92) — (s + 1) I, =Nl S(P,F, g1,92) + S(P,H,91,92) — (lh + I2) Il

1
<22(N S(P,F,91,92) = 1) llp, +11 S(P, H, g1, 92) — I2) Ip)

1
<2P< 81 +L1)=£.
2(2P)  2(2P)

4. Conclusion

In this article, we defined Henstock-Kurzweil-Stieltjes-0-double integrals for [,,-valued functions on
time scales. Some of the basic properties of this integral with values ranging in an l,,-space, with 0 <
p < 1 are discussed on time scales.
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