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Abstract

This work examines the Hyers-Ulam stability criteria for second order nonlinear differential equations of nonlinear
damping terms. A key component of our findings is the conversion of all second order nonlinear differential
equations considered using criteria developed into integral inequalities for Gronwall-Bellman-Bihari integral
inequality to be easily applied. The results obtained extend all the known findings on the stability for second order
nonlinear differential equations in the literature. We provide examples to support the validity of our theorems.

Keywords: Gronwall-Bellman-Bihari type inequality, Hyers-Ulam stability, Integral inequality, Nonlinear
damping term.

1. Introduction

The stability problem of functional equation started with the question concerning stability of group
homomorphism proposed by Ulam[1] in 1940 during a talk before a Mathematical Colloquium at
University of Wincosin, Maidison. In 1941, Hyers[2] gave a solution of Ulam’s problem for the case of
appropriate additive mappings in the context of Banach spaces. Hyers [2] demonstrated the following
result on Banach spaces, which is now known as the Hyers-Ulam stability (HUS) theorem. “Let Ly, L,
be real Banach spaces and € > 0. Then for every Mapping n:L; — L, satisfying

lIn(§ +e)—n@) —nll<e

V ¢, € € Ly there 3 a unique additive mapping p: L; — L, with the property

[In(€) —pll < e
V f E Ll-”

Numerous studies have been published since Hyers’ result, expanding and generalizing Ulam’s and
Hyers’ difficulties in different ways (see [3, 4, 5, 6, 7, 8, 9, 10]). The following second order nonlinear
differential equations (SONDE) will be examined for HUS in this work, with nonlinear damping terms
provided as:

r@P@E)@' () +pO@ @) + qOf w(®) = Rt u@®),u'®),  (1.1).
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(r@©OY@@)@'(©) + p(OkE u®), u'(O)'®) + g(@®)f (@) (1.2)
= R(¢t, u(t), u'(t), )

@@ @) +p@®@'®)* + qO)f @) = R(t, u(t), u'(t)), (1.3)
V t > 0, with initial conditions
u(ty) = u'(ty) = 0. (1.4)

where r(t), p(t),q(t) € C(R,), Y, f € C(R), k, R € C(Ix R%R), a €
N (set of posive whole numbers) and r(t) > 0.

In 1998, Alsina and Ger [11] investigated the HUS of an ordinary differential equation
u'(t) = u(d).

Miura et al. [12], Takahasi et.al [13], and Miura et al. [14] expanded on the findings of Alsina and
Ger[11], demonstrating that the HUS is maintained for the ordinary differential equation

u'(t) = u(t),
while Jung [15] proved a similar result for equation
Y(Ou'(E) = u(t).

In addition, for first-order linear ordinary differential equations, Miura et al.[16], Takahasi et al. [17],
and Jung [18] have generalized the Hyers-Ulam result. They addressed the first-order
nonhomogeneous linear differential equation.

w(e) + p()u(®) +q(@) = 0.
Jung [19] recently demonstrated that differential equation of the form
tuw'(t) + au(t) + ft"x, =0

have generalized HUS and also used this result to consider the HUS of Euler (Cauchy) differential
equation

t2u'(t) + atu'(§) + pu(t) = 0.
Algfiary and Jung [20], Qarawani [21, 22], Fakunle and Arawomo [23, 24, 25, 26, 27, 28, 29] and Rus
[30,31] are among of the few writers who have written on HUS of nonlinear differential equations.The
work of Fakunle and Arawomo [24] served as the inspiration for this investigation.
2. Preliminary
Definitions, lemmas, and theorems listed below are useful in this work.
Definition 1 If € > 0 and a solution u(t) € C%(R,), exists such that

@Y @)@ () +p@O@ ) + g f w®) — R, u@®),w'(D)] < e 2.1)

Furthermore, any solution u,(t) € C*(R,) of (1.1) exists such that

[u(t) —ue(t)] < Ke,
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for K is positive Hyers-Ulam-constant (HUC).

Definition 2 Equation (1.2) has HUS, if there 3 a constant K > 0 and for every € > 0, and u(t) € C*(R,),
that satisfy

[r@®P@@®)@'@) + p®OkE u@), w'@®))@' () + q(©)f (w(®) 22)
—R(t,u(t),u'(t)] <e, ’

then, if u,(t) € C*(R,) is any solution satisfying (1.2) such that
[u(t) —uy(t)| < Ke,
where K is HUC of equation (1.2).

Definition 3 We say that (1.3) is HUS with initial conditions, if there exists a positive constant K with
the property: For every € > 0, u(t) € C*(Ry), if

|r(® @@+ pO @' () +q(Of (u(®) — R, u(@®), W' (@) <€ (2.3)
then there exists solution u,(t) € C*(R,) satisfying (1.3) such that
[u(t) —ue(t)| < Ke,
where K is Hyers-Ulam constant.
Definition 4 A function A: [0, ) — [0, ) is said to belong to a class S if
i. A(e) is nondecreasing and continuous for € > 0
ii. (%)A(e) <A®foralle and v=1.
iii. there exist a function ¢, continuous on [0, ©) with A(ag) < ¢p(a)A(v) for
a=0.
Theorem 1 [32] Let
i. €(t),u(t): (0,0) = (0,0) and continuous on (0, o),
ii. p €S,

iii. n > 0 be monotonic, nondecreasing and continuous on (0, ),

if
e(®) <n(®) + [} n(s)$(e(s))ds, 0 <t < oo, (2.4)
then
e(t) < n(®Q! (9(1) + n(s)ds), 25)
0<t<b,
where
@) = 7 %, 0<eg<e. (2.6)
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Remark: Theorem 1, has its foundation from [33, 34] and application in [35].

Theorem 2 [36] For every n(t) and p(t) that is continuous in [ty, t] €I, there exists a point { €
[£o, ] such that [ p(s)n(s)ds = p(3) J;, n(s)ds.

Theorem 3 [24, 25] Assume that ¢ (¢) is submultiplicative for £ > 0 and that ¢ (¢), () be long to class
S and €(t),((t), x(t) € C(I,R,) are nonnegative, monotonic, nondecreasing, continuous functions. Let

M) <I+T ffo 1(s)B(e(s))ds + L ffo Kk(s)p(e(s))ds 2.7)
for3, T and L > 0, then

e(t) < 07 () + L [ 1(s)p(F (F(1)

+T ] L(a)da)) ds) 2.8)

F(FQ)+T N (s)ds)

where £(¢) # ¢(¢), Q is defined in equation (2.6) and

g ds

F(e) = fso%' 0<g <eg (2.9)
F~1, Q7! are the inverses of F, Q respectively and ¢ is in the subinterval (0,b) € 1

Corollary 1 [24, 25] Suppose x(t) is nonnegative, monotonic, nondecreasing continuous function on
R,. Let

e(t) < x(©) + T [ ()B(s))ds + L [} 1(s)p(u(s)ds, (2.10)
forT and L are positive constants, then
-1 t -1 t
e(t) < ¥ (1) + L INIOY (F (Fay+T N L(a)da))) ds)
FH(FQ)+T [ s)ds), tel,
where Q(¢) and F(¢) are defined as in (2.6) and (2.9) respectively.
Theorem 4 [24, 25] Let £(t), «(t), x(t), p(t): 1 = R, be real valued nonnegative continuous functions and
¢(e),n(e), y(e) be positive, monotonic, nondecreasing continuous functions on R, and let these

functions belong to class of S. If y(¢) is submultiplicative for € > 0 and 4, T, L are positive constants.
If

e(t) S X(O) + A, (M(e(s)ds +T [ k(s)p(e(s))ds

. (2.11)
+L [, p(s)y(e(s)ds, teE

then

e() < x(OG G + L[] p()y[0 V()F 1 (B(s)]ds]
QT V(-1 (B,

where F, is defined in (2.9) and

V() = Q) + T [} k()PFB(s)))ds (2.12)
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and
B(t) = F(1) + A [, us)ds. (2.13)

Function G is defined as

d
G(w) = f;’;rs) 0<w,<w, (2.14)

and F1, Q7' and G~ are the inverses of the functions F, (, and G respectively.

Lemma1 [37] Let ((t) be an integrable function then the n-successive integration of ¢ over the interval
[to,t] is given by

ffo ft (s)ds™ = 1), fto (t — )" 1i(s)ds. (2.15)

3. Results and Discussion

Theorem 5 Let r(t),p(t), ¢(t) and q(t) be nondecreasing, continuous functions on R, such that
i R, u®),u' (@) = p®)w@(t))@'(t))" wheren € Z,.
ii. set F(u(t)) = flf((t?) £(s)ds
iii. let f be differentiable on interval I, if f'(¢t) = 0 forallt € I, then f is non
decreasing on I and f(t) = o where o a positive constant.
iv. let |F(u(t))| = |u(®)]

v. |Ju'(t)| < 2 where 1 > 0,

vi. tl)iirgo ftto r(s)ds < d; < o, where d; >0,
Vii. tl)iirgo ftto p(s)ds < d, < o, where d, >0,
i lim ffo P(s)ds < dy < o, where ds > 0,
ix. ftzo |u'(s)|ds < L < o, where L >0,

are satisfied. In addition, let @w(u(t)) € S be continuous, nondecreasing and monotonic, then, (1.1) has
the HUS with HUC.

Proof. We begin the proof from inequality (2.1) by multiplying with u'(t), integrating twice, applying
Lemmal, conditions (i)-(v) of Theorem 5 and Theorem 2 implies there exist 1, p, §; € [t,, t] such that

(5, r()lds+(wr (@)@ [ p(s)ds) .

g

lu(®] <

2D 18 sy us)Dds + LEO 1 g m(uls)Dds, ¢ > 0.

Corollary 1 is used to obtained
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I ) lds+(u()D®* fF p(s)ds
[u@®)| < U & )6

a7 (@) + LENT ¢ gy (F—l (F (1) + LU DD® ¢ r(s)ds)) ds) (3.1)

- lw(@I(wmh* rt
F1 (F(l) + %IO r(s)ds)

t

conditions (vi)- (ix) of Theorem 5 are employed to get

(L+dz(w(p)*) E
a

-1 dz(lurE)Hmt? -1 d1 A(Ju(mN*
Q (n(1)+7ﬂ w(F (F(1) + 2200 )))

F—l (F(l) + dl/l(|u;(77)|)a)

lu(®] <

Hence,
[u(t) —u(to)| < [u(®)| < K¢,
where

, a+1
K, = (2w

g

o a5 ED™ (oo A )
Q <9(1)+ 3 w(F (FQy + 220 )))

F—l (F(l) + dll(lu{;(n)l)a)

Theorem 6 Let the conditions (i)-(viii) of Theorem 5 hold. In addition, the following conditions:

ik(t, u(t), u'(t)) = v(t)g(u())h(u'(t)), where v(t) a monotonic continuos
function on R,
ii. lim ffo p(s)v(s)ds < d, < o, where d, > 0,
are satisfied, where g(u(t)) € S is continuous, nondecreasing and monotonic function
then equation (1.2) has the HUS with HUC.
Proof. Multiplying inequality (2.2) by u'(t), applying Lemma 1, conditions (i)-(ii) of Theorem
5 and (ii") of Theorem 6 we obtain

W) [ CEOP@EIWO)ds + @ (D)2 f;, p(s)v(s)g@(s)h (s))ds
+15 () S Fu(s))ds = [ p()m(s)W ()™ ds < € [ w'(s)ds.

Using the following conditions (iii)-(v) of Theorem 5 and Theorem 2 let there be &, 5.y € [t,, t] such that

u()l < <[ 1w/ @)lds + PED () (u(s)ds
2L [ (5)w(s) g (us) s

LD 8 g ()ar(luls)]ds.

g

Using Theorem 4 to obtain
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lu@®l < e f; [u'(s)lds
¢ 61 + V™ 1t g (sym[at (v (s)F (B(s))]ds]
QW O)F(B()),

where
V(©) = Q) + MOV [ (5yu(s)g (F (B(s)))ds
and
B(t) = F(1) + L2 (£ 5y
Applying conditions (vi)-(viii) of Theorem 5 and (ii") of Theorem 6, we arrive at
[u(t)] <€l
676D +dy WOV gl (v F(B))]
QT (VOF(BY),
where
V' = () + d, OO g (p - ()
and
B* =F(1) + d, (|w(§;)|)“a
Hence,
[u(t) —u(to)] < [u(®)| < Kz¢,

where

, +1
Ky = L6 |G (1) + dy OV 5[0 (Vo1 (8))]
QY VHFY(BY).

Theorem 7 Let the conditions (i)-(iv),(vi)-(ix) of the Theorem 5 remain valid, then equation (1.3) has
HUS with HUC.

Proof. We use (2.3) together with application of conditions (i)-(iv) of Theorem 5 and Theorem 2 let be
p, 1,7 € [ty, t] such that such that

(QuioIN? i r©)ds+(wEDDTH [ p(s)ds+]j, lur(s)|ds) .

g

lu(®] <

w@™

1
+|Tf:0 o(s)w(Ju(s)|)ds, t>0.
Use Theorem 1 to arrive at

((wr(eD? fi, r()ds+(wEDD™H () p()ds+[y, lwi(s)lds)

o

lu@®l <€

lw (@™

a7 (aq) + 22 gs)as).

g

Using conditions (vi)-(ix) of Theorem 5 we obtain
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(d1(w () *+da (Iw (€D +L)

[u(®) —uto)| < [u(®) <€
(@™

o (o + M9 q,).

g

g

where

K. = (0w @D+ (urE)) 1 41)
L =

g
() |M+L
ot (o + 9 —q,).

Theorem 8 Supposed conditions(ii)-(vii),(ix) of Theorem 5 remain valid. If R(t, u(t),u'(t)) = 0 in (1.1)

that is,

@Y @)@' ()9 +pOW ©))* +q(Of w(®) =0, (3.2)

then,(3.2) has HUS with HUC.

Proof. Consider (2.1), if R(t, u(t),u'(t)) = 0, by further evaluation, using Lemma 1, conditions (ii)-(iii)
of Theorem 5 and Theorem 2 there exist &, p € [¢to, t] such that

oF(u(t) < € [} w(s)ds — £/ (0))“* [} p(s)ds
—W@®)W D))" f:o (r(s)y(u(s))ds, t>0.

By conditions (iv)-(v) of Theorem 5 we get

(J, lwr()lds+(uw (@)D [y p(s)ds)

g

lu(®)] <
Let us make use of Theorem 1 to obtain

(J, lwr()lds+(uw (@)D [y p(s)ds)

g

lu(®] <

and using conditions (vi),(vii),(ix) of Theorem 5 to arrive at

() [1E+L , «
[u(®)| < %Eﬂ_l (Q(l) +d, Al fl)l) )
where

L+dy (Jw(p)D*) - A(urEDD*
Ky = WO g-1 (1) + g, AET)

Theorem 9 Let the conditions (ii)-(iv),(vi),(ix) of Theorem 5 and (i"),(ii") of the Theorem 6 hold. Equation

(r@P®)@' ()M + pOk(t, u(®), u'(O)) W' () + q(Of (@) =0

has the HUS with HUC.

Proof. Setting R(t, u(t), u'(t)) = 0ininequality (2.2), integrating twice, applying Lemma 1,condition (ii)
of Theorem 5 and Theorem 2 implies there exists &; € [t,, t] such that

@ (@)W (1))* f; (r(s)P(s))ds + @'(§:))? ftto p($)k(s, u(s), u'(s))ds

+q(OF (u(t)) < Eftto u'(s)ds,> 0.

Let us make use of conditions (iii)-(v) of Theorem 5, (i") of Theorem 6 with the application of Theorem 2

there exists y € [, ] such that

- a(lurfl)l)"‘ ftto (r()Y(lu(s)|ds.

et (1) +2El" IS @r()ds),
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u(t)] << J; ju's)lds +2E00 1 (syyp(us)ds

A2h(jw
+ DD 1 p(s)v(s)g(ju(s)])ds,
Applying Corollaryl, we obtain

()] < £ JF ' ()lds@ (1) + 220D £ 5yp(s)

g (F_1 (F(l) + Mﬂ; r(a)da))) ds)

_ A(ur * ot
F (F(D) 4+ e r(s)ds), tel,
Applying conditions (vi),(ix) of Theorem 5 and (ii") of Theorem 6, we arrive at

2 !
u®| < e207 (1) + 4, 0D

g(F-1 (F(l) v, a(|wf1)|>“))) o1 (F(1) +A(|urf1)l)“ dl)-

Hence,
[u(®) —u(to)| < lu(®)| < Kse,
where

2 !
K, = Lot (9(1) +d, "('Z »D

o
p (F-1 (FQ) +d, a(|wf1)|>“))) Pt (1) + 20600 ).
Theorem 10 Conditions (ii)-(vii) of the Theorem 5 remain satisfied, then equation
r@OU'®) +pO@ M +qOf w(@®) =0, (34)
has HUS with HUC.

Proof. From (2.9), if R(t,u(t), u'(t)) = 0, integrating twice, using Lemma 1 and conditions (ii), (iii) of
Theorem 5 it is clear that

u'(t) ft’; (r(s)W(s))ds + ffo p(s)(W'(s))**ds + oF (u(t)) < € ffo u'(s)ds, Vt> 0.
We use Theorem 2 there exists p, p € [to, t] such that

TF (@) < € f} w'(s)ds — W @@ W) [}, r(s)ds — @ () f. p(s)ds, ve>o.
Using the conditions(iv)-(v) of Theorem5 we have

u(®)] < e (f;, W')lds + (W' D [ p(s)ds + '@l [ r(s)ds).
Furthermore, we use conditions (vi)-(vii) of Theorem 5 to arrive at

lu(®) —uto)l < [u(®)] < e(L + dx (W' (OD + dy A’ (WD.
Hence,

[u(t) —u(to)] < Kge,
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where
Ks = (L + dp (W' (D + di A’ ().
Example 1 Investigate the HUS of the following nonlinear differential equation

GUOWED + 5 WO +5uA© = FutOuE),

1
t_4)

where a a positive integer, that is a > 1, r(t) = tié, p(t) = q(t) = t% and R(t,u(t),u'(t)) =

tlsu4(t)u’3 (t), using inequality(3.1) in the proof of Theorem 5 that is

(g s+t @)™ f, as)

Ju(o)] < . :
) wEDD™ ot 1 (g W@l (wmD® 1

ot (a1 + & S—5w<F (F(1) + Reembe f S—Gds)) ds)
1 lw(@I(wmh* t 1

Ft (P (1) + @Dt INE- ds)

The result is easily obtain using the following:

1. lim ftto Siﬁds <d, < o, where d; >0,

tog—

2. lim ftto S%ds <d, < o, where d, > 0,

tog— 0

3. lim ftto Sisds < d; < o, where d3 > 0,

t0—>oo

4. ft(: [u'(s)|ds < L < o0, where L >0,
that

(L+da(lur (D)
u®)| = ————"—¢€
, n+1 , a
Q-1 (Q(l) + dz(Jw (1)) - (F_l (F(l) + di A(lw(m)|) )))
a g
1 diA(wmD*
Ft(F(1) + 220

where

K = (rda(wED™)

g

Q-1 (Q(l) + ds(w@E)p™*? - (F'l (F(l) + dM(IM’(ﬂ)I)“)))
g g
F—l (F(l) + dM(I“'(ﬂ)I)“)
Example 2 Investigate the HUS of the following nonlinear differential equation
1 7 7 1 I a 1 2 1 4 3
L) + S @O + 3130 = Sut ©Ou),

where a is a positive integer, that is a > 1, r(t) = %, p(t) = %4, q(t) = t% and R(t,u(t),uv'(t)) =
tlsu4(t)u’3 (t), using Theorem 7, we follow the same principle used in the first example to arrive at the

result.
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4. Conclusion

Some problems such as hereditary problem, population dynamics, the surge in birth-rate, smoke
filtration in cigarette and so on appear directly in terms of differential equations which can be transform
to integral equations. One of the ways of considering the stability of such equations is via HUS of
nonlinear differential equation involved.
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